Abstract-We propose the inverse Gaussian distribution, as a less complex alternative to the classical log-normal model, to describe turbulence-induced fading in free-space optical (FSO) systems operating in weak turbulence conditions and/or in the presence of aperture averaging effects. By conducting goodness of fit tests, we define the range of values of the scintillation index for various multiple-input multiple-output (MIMO) FSO configurations, where the two distributions approximate each other with a certain significance level. Furthermore, the bit error rate performance of two typical MIMO FSO systems is investigated over the new turbulence model; an intensity-modulation/direct detection MIMO FSO system with -ary pulse position modulation that employs repetition coding at the transmitter and equal gain combining at the receiver, and a heterodyne MIMO FSO system with differential phase-shift keying and maximal ratio combining at the receiver. Finally, numerical results are presented that validate the theoretical analysis and provide useful insights into the implications of the model parameters on the overall system performance.
Operating at unlicensed optical wavelengths, FSO systems offer the potential of broadband communication capacity. As the demand for high-speed and tap-proof communications grows, these systems emerge as a cost-effective alternative and/or a complement to radio frequency (RF) counterparts. Additionally, features such as flexibility, rapid deployment time, high security, and robustness to RF interference have rendered FSO systems appealing for disaster recovery and military applications [1] .
Despite their significant advantages, there are some major impairments that hamper the widespread deployment of FSO systems. The major performance-limiting factor is their high vulnerability to adverse atmospheric conditions. Rain, fog, and snow are some meteorological phenomena that affect the overall performance. Even in a clear sky, the refractive index of the atmosphere varies, due to inhomogeneities in temperature and pressure, and results in atmospheric turbulence. This causes rapid fluctuations of the received optical signal, known as turbulence-induced fading, that increases error rate, thereby severely affecting the reliability of FSO links [2] . Turbulence-induced fading has been extensively studied in the literature and a number of statistical models have been proposed for describing all different degrees of turbulence severity. One of the most widely used approaches is the log-normal (LN) model, which is considered to be very effective in weak turbulence conditions [2] . Moreover, recent studies and experiments have proved that the LN model is also suitable for describing turbulence when the receiver's aperture is larger than the correlation length of irradiance fluctuations (i.e., when aperture averaging takes place) [3] , [4] . Therefore, the LN model has been extensively employed in the performance analysis of FSO systems. Under the assumption of such a model, Zhu and Kahn [5] have studied the error rate performance of FSO links assuming intensity modulation/direct detection (IM/DD) with ON-OFF keying (OOK). In [6] , Li and Uysal have evaluated the ergodic capacity for LN turbulence channels. In [7] , Navidpour et al. examined the bit error rate (BER) performance of FSO links with spatial diversity employing OOK. The outage probability of FSO systems with multiple transmit/receive apertures has been further evaluated in [8] .
Despite its extensive use, the LN distribution is analytically intractable for the BER evaluation of FSO systems. This stems from the fact that the expression for the moment-generating function (MGF) of the LN distribution cannot be derived in closed form. Hence, no analytical expressions are available in the open technical literature for the BER performance analysis over the LN turbulence model; in this case, numerical methods, such as Gauss-Hermite polynomials [7] , [9] , or Monte Carlo simulations [10] , need to be employed. Furthermore, due to the fact that the distribution of the sum of LN variates is not analytically available, the error rate analysis over multiple-input multiple-output (MIMO) FSO systems requires additional approximations [7] , [8] , whose accuracy deteriorates as the number of the transmit or/and receive apertures increases.
In this paper, we introduce an alternative distribution to the LN distribution, that can efficiently model irradiance fluctuations in weak turbulence conditions or in the presence of aperture averaging, providing simplicity as well. To this end, we propose the inverse Gaussian (IG) distribution. This statistical 0733-8724/$26.00 © 2011 IEEE model was originally introduced in [11] as an accurate substitute to the LN distribution for describing shadowing effects in RF wireless communications, while, in the context of optical systems, it has been employed for modeling the statistical behavior of avalanche photo diodes receivers [12] .
We first define the range of turbulence conditions, where the IG distribution efficiently approximates the LN and the sum of LN distributions. Then, we deduce novel analytical expressions for the BER of typical single-input single-output (SISO) and MIMO FSO systems operating in IG turbulence-induced fading. Particularly, two types of typical FSO systems are studied: 1) an IM/DD MIMO FSO system with -ary pulse position modulation ( PPM) that employs repetition coding (RC) at the transmitter and equal-gain combining (EGC) at the receiver; and 2) a shot-noise limited heterodyne single-input multiple-output FSO system with differential phase-shift keying (DPSK) that employs maximal-ratio combining (MRC) at the receiver. Numerical results are further provided for both cases to illustrate the accuracy of the proposed approach.
The remainder of this paper is organized as follows. In Section II, we present the IG distribution and introduce its basic statistical parameters. In Section III, the IG model is compared with the LN model and the range of turbulence conditions, where both models converge with a certain level of significance, is defined. In Section IV, the performance of typical FSO systems operating over an IG distributed channel is investigated and concluding remarks are given in Section V.
II. MODELING TURBULENCE WITH THE IG MODEL

A. SISO FSO Channel
Let us consider that irradiance fluctuations are modeled by the IG model. The probability density function (PDF) of the IG-distributed irradiance is given by (see [13, eq. (2.1)]) (1) where is the parameter related to the mean of the fluctuations and is the scale parameter of the distribution. The th moment of the random variable is given by (see [13, eq. (2.5)]) (2) where denotes expectation. Without loss of generality, we can assume that . Using the first moment of (2), it is easily seen that . Hence, the irradiance scintillation index (SI) is obtained by [2] 
and as such (1) can be directly expressed in terms of as (4) Using the derived parameters, the cumulative distribution function (CDF) of the IG model can be written as (see [13, eq. (2.14)]) (5) where is the Gaussian -function, defined as . Finally, the MGF, defined as can be deduced in closed form as (see [13, 
B. MIMO FSO Channel
In the case of MIMO FSO systems, the distribution of the sum of multiple IG-distributed random variables (RVs) is needed. Let us define as the sum of independent identically distributed (i.i.d.) IG RVs, i.e., (7) where is IG distributed with PDF given by (4). According to [13, p. 13] , will also be IG distributed with PDF given by (8) and CDF given by (9) III. COMPARISON WITH THE LN MODEL In this section, we demostrate that the IG distribution can serve as a more tractable and analytically friendlier alternative to the LN distribution, under weak turbulence conditions. Specifically, we employ Kolmogorov-Smirnov (KS) goodness of fit statistical tests in order to measure the difference between the two models. These tests measure the maximum value of the absolute difference between the CDFs of two distributions (see [14, pp. 272-273] ), respectively. Hence, for the case under consideration, the KS test statistic is defined as (10) where is the CDF of the sum of i.i.d. IG RVs analytically evaluated by (9) and is the CDF of the sum of i.i.d. LN RVs. It should be noted that in the case of is given by [15] (11) However, there is no closed-form expression when . , the hypothesis is accepted with 95% significance until reaches the value of 0.35, which corresponds to the weak turbulence regime. Furthermore, when increasing , it is observed that the KS statistic is reduced, indicating that the accuracy of the IG model improves as the number of the transmit and/or receive apertures increases.
IV. PERFORMANCE ANALYSIS OVER IG TURBULENCE FADING
In this section, we present a detailed performance analysis of typical MIMO FSO systems operating over weak turbulence conditions or in the presence of aperture averaging effects, by considering the IG distribution as the model for describing turbulence-induced fading.
A. QPPM IM/DD System
We consider an IM/DD MIMO FSO system of transmit and receive apertures that employs PPM. For PPM, the symbol period is divided into equal nonoverlapping time slots of duration and a digital message, comprised of bits, is sent by pulsing the laser's intensity in one of these slots. Furthermore, RC is applied at the transmitter, and therefore, the same optical signal is transmitted through every aperture.
At the receiver, the Poisson photon-counting detection process is assumed [10] and the received signal is a vector of Poisson observations that correspond to the photon counts at each time slot. The average number of photoelectrons per slot when a pulse is transmitted is denoted by and is given by (12) where represents the photodetector's optical-to-electrical efficiency, is Planck's constant in Joules per Hertz, is the frequency of the optical signal in Hertz, and is the total power incident on the array of the photodetectors at the time slot. Similarly, the average number of photoelectrons per slot and per receive aperture due to background noise is defined as (13) where is the power incident on the photodetector due to background noise. Hence, the probability mass function (PMF) of the received signal at the th receive photodetector is given by (14) , shown at the bottom of the page. In the earlier equation, depending on whether a pulse is transmitted in time slot , while is the fading coefficient between the th transmit and th receive apertures, which remains constant during the symbol period. 1 Furthermore, we consider EGC as the combining method of the received signals from each aperture, since it offers performance close to the optimum combining method without monitoring the channel gains [10] . Hence, the combined signal can be expressed as (15) while its PMF is equal to (16) 1 Taking into consideration the coherence time of the FSO channel and the signaling rates of interest, this assumption is quite realistic according to [16] . (14) where (17) 1) Average BER Performance: The conditioned on BER can be computed by combining [10, eq. (14) ] with [17, eq. (3)] as (18) where (19) (20) and (21) In the earlier equations, and denote the Gamma (see [18, eq. (8.310 )]) and the upper incomplete Gamma (see [18, eq. (8.352 .2)]) functions, respectively. Hence, the average BER can be obtained by (22) where (23) When the IG turbulence-induced fading model is considered, (23) can be rewritten, according to (8) (22) which can be rewritten, using [18, eq. (8.468 )], as
Hence, the average BER can be analytically evaluated by combining (22) with (26) or (27). It should be noted that no closed-form solution is available for (23) when LN turbulence model is considered. In that case, the approximation for the sum of LN variates [8] , in conjunction with Gauss-Hermite integration methods, needs to be employed [9] .
In the case of (quantum-limited reception), the average BER is obtained by (see [10, eq. (18) ]) (28) Thus, for IG turbulence-induced fading, (28) can be analytically evaluated, using (6), as (29) In practice, a finite number of terms will be used in the evaluation of (22) and we denote the resulting BER approximation by
. Table I provides the required to achieve a relative approximation error of less than , when or , and for different values of and energy per bit, while is calculated with (which is confirmed by simulations).
2) Numerical Results:
In the following, we present numerical results for the BER performance of the PPM MIMO FSO system under consideration for various deployments of transmit and/or receive apertures and for different values of SI. Adopting previously reported parameters [10] , we set the photodetector's optical-to-electrical efficiency , the optical carrier's frequency Hz, and dBJ which corresponds to . Furthermore, all of the presented results are plotted in terms of transmitted energy per bit, defined as . Fig. 2 illustrates the average BER performance of a SISO PPM FSO system operating in weak turbulence conditions. Specifically, the BER of the IG model, derived by (26) and (22), is depicted for different values of and modulation orders . Further, BER curves, assuming either the LN turbulence model or the absence of turbulence, are also provided for comparison. As it is clearly illustrated, the analytical results using the IG model are very close to the performance of the LN model, derived by numerical integrations. Specifically, they lie within 2 dB J for practical values of BER in all turbulence conditions considered ( less than 0.35). Moreover, it can be easily observed that the performance of the IG model acts as a tight lower bound, whose tightness looses as the increases, irrespective of the assumed modulation order.
Furthermore, Fig. 3 depicts the BER performance of the PPM FSO system for different MIMO FSO systems, assuming and . The performance over the IG turbulence model comes closer to the performance over the LN model, as the number of the receive (and/or transmit) apertures increases. Thus, it can be concluded that the accuracy of the proposed analytical expressions improves for larger MIMO FSO configurations. In contrast, the numerical methods used when the LN model is considered tend to become cumbersome and more computationally heavy.
B. Heterodyne DPSK System
In order to obtain better insights into the performance analysis of MIMO FSO systems over the IG model, we now consider a coherent shot-noise limited DPSK system. Henceforth, it is assumed that the diameters of the receivers' apertures are smaller than the characteristic length of the wavefront's phase perturbations. Hence, fades induced by wavefront distortions are ignored [19] .
1) Average BER Performance: This type of FSO systems is shot-noise limited, and therefore, the conditioned on the fading intensity BER can be obtained by [20] ( 30) where (31) (32) denote the instantaneous and average SNR, respectively. In the earlier equation, represents the detector area in square meters and the DPSK symbol duration in seconds. Following the same assumptions as in [20] , we consider that irradiance remains constant over a symbol's interval. That is, we assume that the duration of is smaller than the coherence time of the channel, thus having a constant amplitude scenario for the received signal [21] . Hence, for the slow-fading environment under consideration, the average BER can be obtained by averaging (30) over the PDF of [22] , i.e., Furthermore, when reception by receive apertures is considered, the instantaneous SNR at the output of a receiver that applies MRC is given by (35) which for the case of equal average SNR per receive aperture can be written as (36) Hence, under the assumption of independent fading among the diversity branches, 2 the average BER of the multibranch DPSK FSO system becomes (37)
2) Numerical Results: Fig. 4 illustrates the average BER performance of a heterodyne SISO DPSK FSO system assuming weak turbulence conditions. Analytical results, obtained by (34), are plotted in comparison with the performance of the LN turbulence model for less than 0.35. A BER curve without turbulence is provided as well. As it is clearly depicted, the performance over the IG turbulence model is very close to the performance over the LN model. Specifically, it lies within 2 dB for the BER values of interest. Once again, it is observed that the performance of SISO coherent DPSK systems in IG turbulence fading acts as a tight lower bound; the lower the SI the tighter the bound.
Furthermore, Fig. 5 illustrates the BER performance of a DPSK FSO system with multiple receive apertures and employing MRC, assuming . Clearly, by increasing the number of diversity branches, the accuracy of the proposed distribution improves.
V. CONCLUSION
We proposed the IG distribution, as a less complex alternative to LN, to describe turbulence-induced fading in FSO systems operating in weak turbulence conditions and/or in the presence of aperture averaging. By conducting goodness of fit tests, we defined the range of values of the SI, where the two distributions approximate each other, with a certain significance level and for different MIMO FSO deployments. Specifically, it was observed that the IG model efficiently approximates the LN model when is less than 0.35, while its accuracy increases as the number of transmit and/or receive apertures improves. As part of our performance analysis, we derived novel analytical expressions for the BER of two typical MIMO FSO systems: an where the variable is a positive integer. To the best of the authors' knowledge, there is no closed-form solution for the above integral. Taking into consideration that , the term can be rewritten, according to the binomial theorem (see [18, where is the th-order modified Bessel function of the second kind (see [18, eq. (8.432.9)] ). This concludes the proof.
